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Abstract—In large-scale machine learning, distributed training
commonly involves multiple workers evaluating the gradients of
the model on different dataset partitions. A common challenge
is the presence of straggling workers, which may significantly
slow down training. Traditional gradient coding (GC) addresses
this by duplicating dataset partitions across workers, allowing for
the replacement of missing gradients from stragglers. However,
GC requires workers to evaluate gradients on multiple dataset
partitions in each step, potentially increasing overall training
time. In this paper, we propose to pipeline GC, such that
gradient evaluation is segmented across multiple steps and each
worker evaluates gradients on just a single dataset partition per
step. We develop the pipelined version for fractional repetition
(FR) and cyclic repetition (CR), two representative dataset
placement schemes in GC, and prove convergence guarantees for
both. Through extensive simulations and experiments on cloud
infrastructure, our schemes not only significantly reduce training
time but also accelerate convergence compared to GC and other
baselines.

I. INTRODUCTION

The training of machine-learning models typically involves
solving an optimization problem where model parameters are
iteratively updated using gradients evaluated over a dataset.
With modern models and datasets growing rapidly, it is com-
mon practice to train in parallel on multiple workers, where
each worker evaluates gradients over a single dataset partition,
and results are aggregated on a master to update the model [1]–
[6].

During distributed training over many workers, it is common
to encounter stragglers, i.e., workers performing more slowly
than others, which can significantly delay training, as each
step requires gradients from all dataset partitions [6]–[8].

Gradient coding (GC) [6] was proposed to tolerate up to s
stragglers by assigning c = s+1 dataset partitions per worker
so that the aggregated gradient can be recovered from any n−s
workers. However, GC requires workers to evaluate gradients
on c partitions per step, which can take c times longer [9].
If the straggler delay is less than the extra computation time,
overall training time may increase rather than decrease. In
Sec. III, we empirically show this can occur in practice.

In this paper, we propose pipelined gradient coding (PGC)1,
which mitigates stragglers without the additional computa-

1This work also appears in the first author’s Ph.D. dissertation [10].

tional workload of GC. PGC breaks multi-partition gradient
computation into multiple steps in a pipelined fashion: each
worker evaluates gradients on just one dataset partition per
step and uses stale gradients from previous steps to form coded
gradients. We design PGC for both fractional repetition (FR)
and cyclic repetition (CR), prove convergence guarantees for
both variants, and demonstrate through extensive experiments
that PGC significantly reduces training time and improves
convergence.2

II. RELATED WORK

Replication-based straggler mitigation assigns the same task
to multiple workers [11]–[13]. While simple, replication re-
quires prohibitively many extra workers. Coding-based meth-
ods [4], [5], [14]–[17] encode dataset partitions for matrix
multiplication tasks, enabling recovery from a subset of work-
ers. However, these apply only to linear operations.

GC [6] applies coding to gradients, making it applicable
to general gradient-based models. Extensions include Reed-
Solomon-based constructions to minimize expected computa-
tion time [18] and communication-computation tradeoffs [19].
Partial gradient recovery schemes [17], [20]–[22] reduce time
by exploiting stragglers’ partial results, but all still require each
worker to evaluate gradients on c partitions per step [9]. Most
closely related, Sequential GC [23] also exploits the temporal
dimension, but through multi-round scheduling with relaxed
per-task deadlines and adaptive reattempts across rounds,
while each worker still evaluates c partitions per task. In
contrast, PGC pipelines the per-partition computation within
a single training process, reusing stale gradients so that each
worker evaluates only one partition per step.

Approximate recovery methods tolerate stragglers by re-
covering partial gradients. IS-SGD [24]–[26] simply discards
straggler gradients. Approximate GC (AGC) and stochastic
GC (SGC) [17], [27]–[29] recover more gradients than IS-
SGD but sacrifice recovery accuracy and are limited to specific
parameter combinations. IS-GC [30] maximizes recovered gra-
dients in GC with an arbitrary number of stragglers. However,
these methods still subject workers to the additional c-partition

2An extended version with complete proofs of all results is available at
https://arxiv.org/abs/2607.20739.
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Fig. 1: Illustrative examples of FR and CR, both with n = 4
and c = 2.

workload (except IS-SGD). PGC reduces the per-worker work-
load to the same level as DGD while approximately recovering
the full aggregated gradients.

III. PRELIMINARY AND MOTIVATION

Consider a dataset D with d samples and p features. We aim
to find optimal parameters via β∗ = argminβ∈Rp F (β;D) =

argminβ∈Rp
1
d

∑d−1
i=0 f(β;xi, yi). In the t-th step, β(t+1) =

β(t) − ηg(t), where η is the learning rate. For distributed
gradient descent (DGD) with n workers, g(t) = 1

n

∑n−1
i=0 g

(t)
i ,

where g
(t)
i denotes the gradients on partition Di at step t.

GC recovers
∑n−1

i=0 g
(t)
i from any n−s workers by assigning

each worker c = s + 1 dataset partitions. Two representative
placement schemes are fractional repetition (FR) and cyclic
repetition (CR), illustrated in Fig. 1.

FR requires c|n, dividing n workers into n
c groups. Worker

Wi holds partitions Djc, . . . , Djc+(c−1), where j = ⌊ i
c⌋. Each

worker uploads the sum of its gradients; since workers in the
same group send identical coded gradients, any one worker
per group suffices, tolerating up to s = c− 1 stragglers.

CR does not require c|n, placing partitions cyclically: Wi

holds {Dj mod n|j = i, . . . , i+ c− 1}. Each worker uploads a
linear combination of its c partition gradients; the master ap-
plies straggler-pattern-dependent decoding coefficients to the
n− s received coded gradients to recover

∑
i g

(t)
i exactly [6].

This offers greater flexibility than FR at the cost of a more
involved coding construction.

However, GC requires each worker to evaluate gradients
on its c = s + 1 partitions per step, multiplying per-step
computation by c. Fig. 2 shows that this overhead causes GC
to consistently take more time per step than DGD (> 100%),
with larger s making it worse. Unless stragglers are sufficiently
frequent and slow, the extra computation cost of GC outweighs
the time saved from straggler mitigation, leaving total training
time no better, or even worse, than DGD.

Fig. 3 illustrates how PGC addresses this. Rather than
evaluating c partitions in one step, each worker rotates through
its assigned partitions one per step, retaining the most recent
gradient from each. At each step, it assembles a coded gradient
by combining the fresh gradient with c−1 retained stale values,
replicating the GC coded gradient structure; the master then
collects responses from the n− s fastest workers and decodes
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Fig. 2: Training time per step normalized by DGD when
training ResNet-18 on CIFAR-10 with n = 12 workers on
Google Cloud, showing that GC consistently requires more
time than DGD due to its c-fold computational overhead.
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Fig. 3: A comparison between gradient coding and pipelined
gradient coding.

as in GC. Each worker still uploads exactly one coded gradient
per step, so PGC’s per-step communication is identical to GC
and DGD and incurs no additional communication overhead,
with only the local computation pipelined. The cost is that
c − 1 component gradients are stale, introducing a bounded
approximation error that diminishes with the learning rate.
Sections IV and V detail the pipelined encoding and decoding
of PGC for FR and CR, respectively, and analyze their conver-
gence, establishing that PGC converges geometrically under
standard assumptions, matching GC’s convergence structure
while reducing per-step computation to that of DGD.

IV. PIPELINED GRADIENT CODING WITH
FRACTIONAL REPETITION

In this section, we present the design of PGC for FR. The
design for CR is presented in Section V.

A. Coding Scheme

With FR, Wi holds c partitions {Djc, . . . , Djc+(c−1)} where
j = ⌊ i

c⌋. In GC, worker Wi uploads the coded gradient



∑c−1
l=0 g

(t)
jc+l, requiring its c partitions to be evaluated at every

step.
PGC-FR reduces this to one partition per step. Worker

Wi rotates cyclically through its c partitions: at step t, it
evaluates Djc+((t−1) mod c) and forms the coded gradient
ĝ
(t)
i =

∑c−1
l=0 g

(t−l)
jc+((t−1−l) mod c) from the most recent eval-

uation of each partition. This coded gradient coincides with
the GC coded gradient when all evaluations are current and
approximates it when staleness is small.

The master decodes in the same way as GC: select one
worker per group from the received n−s coded gradients and
aggregate across groups. An initial step t = 0 evaluates its c
partitions to warm up the pipeline.

B. Convergence Analysis

We now analyze the convergence of PGC-FR. Let s(t, i) ∈
[t − c + 1, t] denote the step at which dataset partition Di’s
gradient contributing to the update at step t was evaluated.
The update rule is β(t+1) = β(t) − ηĝ(t), where ĝ(t) =
1
n

∑n−1
i=0 g

(s(t,i))
i .

Theorem 1: Assume that F (β) is λ-strongly convex
and ∇F (β) is L-Lipschitz continuous. Assume the gradi-
ent variance is bounded: E[||g(s(t,i))i − ∇F (β(s(t,i)))||22] ≤
ξE[||∇F (β(s(t,i)))||22] for some ξ ∈ [0, 1). Assume stal-
eness is bounded: E[||∇F (β(t)) − ∇F (β(s(t,i)))||22] ≤
γE[||∇F (β(t))||22] for some γ ∈ [0, 1). Then with learning
rate η ≤ 1

nL(n+ξ) :

E[F (β(t))]−F (β∗) ≤
(
1− λ(1− γ)

nL(n+ ξ)

)t

(F (β(0))−F (β∗)).

Theorem 1 guarantees geometric convergence under stan-
dard assumptions. The staleness is inherently bounded by the
pipeline depth (s(t, i) ∈ [t− c+ 1, t]), so γ is governed by c
and the learning rate η, vanishing as η → 0.
Proof sketch. Starting from the Lipschitz inequality and the
polarization identity aTb = 1

2 ||a||2 + 1
2 ||b||2 − 1

2 ||a − b||2,
taking expectations yields:

E[F (β(t+1))] ≤ E[F (β(t))]− η(1−γ)
2 E[||∇F (β(t))||22]

− η
2n (1− Lηn(n+ ξ))

·∑n−1
i=0 E[||∇F (β(s(t,i)))||22],

where the staleness bound γ controls the inner-product er-
ror term, and the variance bound ξ gives E[||ĝ(t)||22] ≤
n+ξ
n

∑
i E[||∇F (β(s(t,i)))||22]. With η = 1

nL(n+ξ) the last
sum is non-negative, and applying λ-strong convexity
||∇F (β)||22 ≥ 2λ(F (β)−F (β∗)) yields the stated contraction.
The full proof is given in the extended version.

V. PIPELINED GRADIENT CODING WITH
CYCLIC REPETITION

A. Motivation

Similar to PGC-FR, our initial attempt to build PGC-CR
was to directly apply the pipelining principle to CR using the

coding scheme from GC. This attempt, however, failed. As
shown in Fig. 4, this naïve design does not converge, while
PGC-FR under the same training configuration converges
stably.

The failure stems from how GC-CR decodes. Recovery
of

∑
i g

(t)
i requires the master to solve a linear system over

the n− s received coded gradients, yielding straggler-pattern-
dependent decoding coefficients αm,k for worker m’s contri-
bution to partition k. These satisfy

∑
m αm,k = 1 for each

k, ensuring exact recovery when gradients are current, but the
individual αm,k are unconstrained in magnitude: for poorly
conditioned straggler patterns they reach the thousands, up
to ±7500 for n = 12, c = 6. In GC-FR, by contrast, each
partition is contributed by one worker with coefficient 1.

With PGC’s stale gradients, each contribution to partition
k carries a staleness error δm,k. In PGC-FR it enters with
coefficient 1 and stays small; in naïve PGC-CR each δm,k

is scaled by |αm,k|, and the errors do not cancel despite∑
m αm,k = 1, amplifying the net error by up to 7500×.

Fig. 4 plots the max/min decoding coefficients αm,k with the
training loss: the naïve PGC-CR loss spikes precisely when
they spike.

B. Coding Scheme
We therefore design PGC-CR to avoid large decoding

coefficients. Rather than requiring exact recovery of the full
gradient sum, we relax to a weighted sum whose expected
coefficient for each partition equals 1, i.e., E

[
1
µ

∣∣∣N (t)
k

∣∣∣] = 1,

where µ = (n−s)c
n and |N (t)

k | is the total number of times
a gradient on partition Dk appears across the n − s received
coded gradients at step t.

With D(j+l) mod n on Wj , l = 0, . . . , c − 1, worker Wj

evaluates D(j+(t−1) mod c) mod n at step t and forms the coded
gradient ĝ(t)j =

∑c−1
l=0 g

(t−l)
(j+(t−1−l) mod c) mod n from the most

recent c evaluations, all with coefficient 1. The master collects
coded gradients from the n − s fastest workers and com-
putes ĝ(t) = 1

nµ

∑n−s−1
m=0 ĝ

(t)
jm

, where the additional factor
1
n rescales the recovered weighted sum to match DGD’s
averaged gradient. In expectation over the straggler pattern,
ĝ(t) = 1

nc

∑n−1
i=0

∑c−1
j=0 g

(s(t,i,j))
i , consistent with the estimator

analyzed in Theorem 2. This design ensures 0 ≤ 1
µ |N

(t)
k | < 2,

bounding the amplification of stale gradient errors.

C. Convergence Analysis
We now analyze the convergence of PGC-CR. Let

s(t, i, j) ∈ [t − c + 1, t] denote the step at which the
gradient on Di evaluated by worker W(i+j) mod n and used
in the update at step t was computed, for 0 ≤ j ≤ c − 1;
s(t, i, j) < t when that gradient is stale. With the all-
ones coefficient design, E[ĝ(t)] = 1

nc

∑n−1
i=0

∑c−1
j=0 g

(s(t,i,j))
i .

Let ∇̄(t) = 1
nc

∑n−1
i=0

∑c−1
j=0 ∇F (β(s(t,i,j))) and ḡ(t) =

1
nc

∑n−1
i=0

∑c−1
j=0 g

(s(t,i,j))
i . The proof of Theorem 2 rests on

two lemmas.



Fig. 4: Training with PGC-FR and PGC-CR for n = 12, c = 6.

Lemma 1: Assume E[g(t)i ] = ∇F (β(t)) for all i. Then:

E[||∇F (β(t))− ĝ(t)||22] = E[||∇F (β(t))− ∇̄(t)||22]
− E[||∇̄(t)||22] + E[||ḡ(t)||22].

Lemma 1 decomposes the gradient estimation error into a
staleness bias term (E[||∇F (β(t))−∇̄(t)||22], controlled by γ)
and a stochastic variance term (E[||ḡ(t)||22], controlled by ξ),
with a negative cross term that tightens the bound. The proof
adds and subtracts ∇̄(t) and uses unbiasedness to cancel cross
terms.

Lemma 2: Assume E[||g(s(t,i,j))i − ∇F (β(s(t,i,j)))||22] ≤
ξE[||∇F (β(s(t,i,j)))||22] for some ξ ∈ [0, 1). Then:

E
[∣∣∣∣∣∣∑n−1

i=0

∑c−1
j=0 g

(s(t,i,j))
i

∣∣∣∣∣∣2
2

]
≤ (nc+ ξ)

∑n−1
i=0

∑c−1
j=0 E

[∣∣∣∣∇F (β(s(t,i,j)))
∣∣∣∣2
2

]
.

Lemma 2 bounds the squared norm of the total gradient
sum by (nc+ ξ) times the sum of squared individual norms.
The factor nc arises because, for any two distinct evaluations
(i1, j1) ̸= (i2, j2), the cross term E[(g(s)i1

−∇F (β(s)))⊤(g
(s)
i2

−
∇F (β(s)))] vanishes: each stochastic gradient is an unbiased,
conditionally independent estimate given its evaluation point,
so the expectation factorizes to zero. Only the nc diagonal
terms survive, and the variance bound ξ controls each residual.
The full derivation is given in the extended version.

Theorem 2: Assume that F (β) is λ-strongly
convex and ∇F (β) is L-Lipschitz continuous.
Assume that for some ξ ∈ [0, 1), E[||g(s(t,i,j))i −
∇F (β(s(t,i,j)))||22] ≤ ξE[||∇F (β(s(t,i,j)))||22]. Define
∇̄(t) = 1

nc

∑n−1
i=0

∑c−1
j=0 ∇F (β(s(t,i,j))). Assume that for some

γ ∈ [0, 1): E
[∣∣∣∣∇F (β(t))− ∇̄(t)

∣∣∣∣2
2

]
≤ γE[||∇F (β(t))||22].

Then with learning rate η ≤ 1
L(nc+ξ) :

E[F (β(t))]−F (β∗) ≤
(
1− λ(1− γ)

L(nc+ ξ)

)t

(F (β(0))−F (β∗)).

Proof sketch. Starting from the Lipschitz inequality and
the polarization identity, taking expectations and applying
Lemma 1 yields:

E[F (β(t+1))] ≤ E[F (β(t))]− η(1−γ)
2 E[||∇F (β(t))||22]

− η
2E[||∇̄(t)||22] + Lη2

2 E[||ĝ(t)||22],
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Fig. 5: Time per step when training ResNet-18 on ImageNet,
normalized by DGD (100%). PGC achieves stable near-DGD
per-step time regardless of s.

where the staleness bound γ controls the first-order bias via
Lemma 1. Writing ĝ(t) = 1

nc

∑
i,j g

(s(t,i,j))
i and applying

Lemma 2 gives:

E[||ĝ(t)||22] ≤ nc+ξ
n2c2

∑
i,j E[||∇F (β(s(t,i,j)))||22].

With η ≤ 1
L(nc+ξ) , the positive term is dominated by

−η
2E[||∇̄(t)||22], yielding E[F (β(t+1))] ≤ E[F (β(t))] −

η(1−γ)
2 E[||∇F (β(t))||22]; λ-strong convexity then gives the

stated contraction. The full proof of Lemmas 1–2 and The-
orem 2 is given in the extended version.

Unlike PGC-FR, where each partition’s gradient comes from
one worker, PGC-CR averages gradients from different work-
ers with varying staleness; this mixing reduces the adverse
effect of staleness and speeds up convergence in practice.

VI. EVALUATION

We implement PGC using Ray [31] for distributed comput-
ing and PyTorch for training. Each worker evaluates gradients
on one dataset partition per step and keeps gradients from the
previous c−1 steps for encoding. The master uses Ray.wait()
to collect coded gradients from the n− s fastest workers and
decodes using the respective FR or CR scheme. The optimizer
is torch.optim.SGD.

We compare PGC against DGD, GC (with FR and CR), IS-
SGD, and IS-GC [30]. IS-SGD ignores straggler gradients; IS-
GC combines GC with straggler ignoring. All implementations
use identical random seeds to ensure fair comparison.

A. Simulation

We first evaluate through simulations on a local high-
performance computing (HPC) cluster with n = 12 workers,
training ResNet-18 on ImageNet [32]. To simulate stragglers,
we add independent random delays on each worker following
exponential distributions with means of 1 and 2 seconds,
respectively. Results are averaged over 5 runs; training runs
for 25 epochs.

Time per step. Fig. 5 compares per-step time across s ∈
{1, 2, 3}. GC (FR and CR) consistently exceeds 100% due to
the c-partition computation per step, worsening with s. IS-GC
reduces overhead at higher s via a fixed c = 2. PGC achieves
stable, near-DGD per-step time for all s, since each worker
evaluates exactly one partition per step while tolerating up to
s stragglers.
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Fig. 6: Training loss over steps for ResNet-18 on ImageNet
with s = 1, 2, 3. GC/DGD curves coincide; PGC converges
faster with the advantage growing for larger s.

Convergence. Fig. 6 shows training loss over 25 epochs.
GC coincides with DGD since both recover the same aggre-
gated gradient. IS-SGD and IS-GC converge at rates compa-
rable to DGD: IS-SGD discards straggler gradients, reducing
the effective batch size and degrading convergence; IS-GC
avoids this bias but its c-fold per-step computation offsets the
straggler-tolerance benefit. PGC converges noticeably faster,
with the advantage growing as s increases. In particular, PGC-
CR consistently outperforms PGC-FR due to CR’s mixed
staleness (elaborated in Sec. VI-B).

B. Experiments in the Cloud

We train ResNet-18 [33] on CIFAR-10 [34] on a Google
Cloud cluster of n = 12 workers (n2-highmem-2) and one
master (e2-highmem-2), with s ∈ {1, 2, 3}. No artificial
delays are added; natural stragglers arise from the cloud
environment. Training runs until loss reaches 0.5; each scheme
is run 10 times. Batch size is 256 and learning rate is 0.01.

Training time. Fig. 7 shows loss over training time. GC
takes the longest for each s due to higher per-step computation.
Regardless of s, PGC reaches the loss threshold fastest, with
PGC-CR outperforming PGC-FR in all cases.

Time per step. Fig. 8a compares average time per step,
normalized to DGD (100%). GC consumes more time than
DGD due to its computational overhead, while IS-GC costs
less at higher s. Since PGC evaluates only one partition per
step, it achieves almost the same time per step as IS-SGD.
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Fig. 7: Loss reduction over time when training ResNet-18 on
CIFAR-10 using DGD, GC, IS-GC, IS-SGD, and PGC for
s = 1, 2, 3.
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Fig. 8: Time consumption training ResNet-18 on CIFAR-10,
normalized by DGD (100%).

Convergence. Fig. 8b shows steps to reach the loss thresh-
old. We still use DGD as the baseline (100%). GC always
matches DGD as it recovers the same aggregated gradients.
PGC achieves significantly fewer steps, up to 54.85% fewer
than DGD. For IS-GC, we fix c = 2 for all s, the minimum
for straggler ignoring, so its per-step computation is twice
DGD’s; despite this, IS-GC beats DGD only at s = 3, since the
tolerated-straggler fraction must exceed the extra-computation
fraction to yield a gain. IS-SGD instead discards straggler
gradients, avoiding the overhead but degrading convergence
through a downward bias on the effective batch size. PGC
uses one partition per step (like IS-SGD) while recovering
coded gradients that approximate the full aggregated gradient
(like GC), attaining the best of both.

As in simulations, PGC-CR converges faster than PGC-FR,
mirroring our analysis: the contraction factor

(
1− λ(1−γ)

L(nc+ξ)

)
in Theorem 2 is smaller than

(
1− λ(1−γ)

nL(n+ξ)

)
in Theorem 1

whenever c ≤ n. Intuitively, CR’s “mixed” staleness, i.e.,
gradients on the same partition coming from different workers
with different delays, averages out the adverse effect of
stale gradients, akin to variance reduction in asynchronous
optimization [25]. Combining better per-step time and faster
convergence, PGC substantially reduces total training time.

VII. CONCLUSION

We proposed pipelined gradient coding (PGC), which over-
comes the c-fold computation overhead of gradient coding
by pipelining: each worker evaluates only one partition per
step and reuses stale gradients to form coded gradients. We
proved convergence for both FR and CR variants and showed
that PGC matches DGD’s efficiency while outperforming prior
schemes in training time.
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