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Background

Modern distributed computing systems process large-scale
data by running multiple tasks on different nodes in parallel.

However, stragglers are inevitable which lags the progress
of the job significantly.
To mitigate stragglers, redundant tasks can be launched on
additional nodes.
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Instead of replicating tasks, erasure coding allows creating
coded tasks which tolerates the same number of
stragglers with fewer additional tasks.
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Motivation

In this paper, we study a related problem with n concurrent
matrix multiplications.

In other words, we need to multiply n matrices A1, . . . ,An
with Bn, . . . ,Bn, i.e., A1B1, . . . ,AnBn in parallel.

In this paper, we propose a coding framework for distributed
computing of concurrent (i.e., batch) matrix multiplications.
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Model

Each worker performs one coded multiplication of the form
Ã(x) · B̃(x).

The n matrix multiplications are encoded into Ã(x) and B̃(x)
as

Ã(x) =
n∑

i=1

AMi x
Pi , and B̃(x) =

n∑
i=1

BNi x
Qi ,

achieving the optimal encoding complexity based on
polynomials.
Therefore, a coded task can be generated as

C̃(x) = Ã(x)B̃(x) =
n∑

i=1

n∑
j=1

AMi BNj x
Pi+Qj

Minimize the degree of C̃(x) by carefully choosing values of
Mi ,Ni ,Pi ,Qi , i = 1, . . . ,n.
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Toy Example

Suppose that there are two matrix multiplications A1B1 and
A2B2 in parallel.

A possible way to add coded tasks for the two jobs is to
embed the two matrix multiplications into one larger job as:

Â · B̂ ,

[
A1
A2

]
·
[
B1 B2

]
=

[
A1B1 A1B2
A1B2 A2B2

]
.

To generate coded tasks, we can apply polynomial codes by
encoding Â and B̂ as

Ã(x) = A1x0 + A2x2, and B̃(x) = B1x0 + B2x1,

A worker then multiply Â(x) and B̂(x):

C̃(x) = A1B1x0 + A1B2x1 + A2B1x2 + A2B2x3,

which can be decoded from any 4 tasks with different values
of x .
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C̃(x) = A1B1x0 + A1B2x1 + A2B1x2 + A2B2x3,

which can be decoded from any 4 tasks with different values
of x .

5 / 17



Toy Example

Suppose that there are two matrix multiplications A1B1 and
A2B2 in parallel.
A possible way to add coded tasks for the two jobs is to
embed the two matrix multiplications into one larger job as:
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C̃(x) = A1B1x0 + A1B2x1 + A2B1x2 + A2B2x3,

which can be decoded from any 4 tasks with different values
of x .

5 / 17



Why is it sub-optimal?
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(a) a general illustration 
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The previous scheme is
suboptimal because C̃(x) can be
decoded into four matrix
multiplications:
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6 / 17



Why is it sub-optimal?

2

1 3

0

2

1 3

0 1

1 2

0

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

(b) a coding scheme based 
on the polynomial code

(c) another feasible 
coding scheme

(d) a feasible coding scheme 
with the optimal degree

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="dX0ofmNW92tUlcPdKYXwwXD1R80="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="eXxlUEjRFD53Z47O2iGAF3zoGtE="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="UH5z8EpnAhIXCKiPMMgQv25+Q2U="></latexit>

Ӷծȯ

<latexit sha1_base64="TXPmY0vkjd9jxqZ27TbZ7hY3IQQ="></latexit>

Ӷծɞ

<latexit sha1_base64="9C/2lyQcn3bgAD/4PzD5RaX5xSs="></latexit>

ӷկɞ

<latexit sha1_base64="npS17jSmG6NsxQzgsZn5ZhSuDgg="></latexit>

ӷկȯ

<latexit sha1_base64="w5s3HRLdojs/EaSQ7k1bBqjrbFU="></latexit>

ԅφ � Ԇφ

<latexit sha1_base64="jEABA0hxGdIRTiT4bEs4cBmmkqE="></latexit>

ԅφ � Ԇϵ

<latexit sha1_base64="8FqQr8VwaoFUZFasy9IfYXwKbC4="></latexit>

ԅϵ � Ԇϵ

<latexit sha1_base64="m5a4MjaN48/tRN/RTbLwaAif9DY="></latexit>

ԅϵ � Ԇφ

<latexit sha1_base64="nnmURD9CoZOefnK9hdrsTeBQUlI="></latexit>

(a) a general illustration 
of the coding scheme 

The previous scheme is
suboptimal because C̃(x) can be
decoded into four matrix
multiplications:

x0 x1 x2 x3

A1B1 A1B2 A2B1 A2B2

However we only need A1B1 and
A2B2.

6 / 17



Why is it sub-optimal?

2

1 3

0

2

1 3

0 1

1 2

0

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

(b) a coding scheme based 
on the polynomial code

(c) another feasible 
coding scheme

(d) a feasible coding scheme 
with the optimal degree

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="dX0ofmNW92tUlcPdKYXwwXD1R80="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="eXxlUEjRFD53Z47O2iGAF3zoGtE="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="UH5z8EpnAhIXCKiPMMgQv25+Q2U="></latexit>

Ӷծȯ

<latexit sha1_base64="TXPmY0vkjd9jxqZ27TbZ7hY3IQQ="></latexit>

Ӷծɞ

<latexit sha1_base64="9C/2lyQcn3bgAD/4PzD5RaX5xSs="></latexit>

ӷկɞ

<latexit sha1_base64="npS17jSmG6NsxQzgsZn5ZhSuDgg="></latexit>

ӷկȯ

<latexit sha1_base64="w5s3HRLdojs/EaSQ7k1bBqjrbFU="></latexit>

ԅφ � Ԇφ

<latexit sha1_base64="jEABA0hxGdIRTiT4bEs4cBmmkqE="></latexit>

ԅφ � Ԇϵ

<latexit sha1_base64="8FqQr8VwaoFUZFasy9IfYXwKbC4="></latexit>

ԅϵ � Ԇϵ

<latexit sha1_base64="m5a4MjaN48/tRN/RTbLwaAif9DY="></latexit>

ԅϵ � Ԇφ

<latexit sha1_base64="nnmURD9CoZOefnK9hdrsTeBQUlI="></latexit>

(a) a general illustration 
of the coding scheme 

The previous scheme is
suboptimal because C̃(x) can be
decoded into four matrix
multiplications:

x0 x1 x2 x3

A1B1 A1B2 A2B1 A2B2

However we only need A1B1 and
A2B2.

The tasks A1B2 and A2B1 are
noise coefficients in C̃(x).

6 / 17



Why is it sub-optimal?

2

1 3

0

2

1 3

0 1

1 2

0

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

(b) a coding scheme based 
on the polynomial code

(c) another feasible 
coding scheme

(d) a feasible coding scheme 
with the optimal degree

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="dX0ofmNW92tUlcPdKYXwwXD1R80="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="eXxlUEjRFD53Z47O2iGAF3zoGtE="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="UH5z8EpnAhIXCKiPMMgQv25+Q2U="></latexit>

Ӷծȯ

<latexit sha1_base64="TXPmY0vkjd9jxqZ27TbZ7hY3IQQ="></latexit>

Ӷծɞ

<latexit sha1_base64="9C/2lyQcn3bgAD/4PzD5RaX5xSs="></latexit>

ӷկɞ

<latexit sha1_base64="npS17jSmG6NsxQzgsZn5ZhSuDgg="></latexit>

ӷկȯ

<latexit sha1_base64="w5s3HRLdojs/EaSQ7k1bBqjrbFU="></latexit>

ԅφ � Ԇφ

<latexit sha1_base64="jEABA0hxGdIRTiT4bEs4cBmmkqE="></latexit>

ԅφ � Ԇϵ

<latexit sha1_base64="8FqQr8VwaoFUZFasy9IfYXwKbC4="></latexit>

ԅϵ � Ԇϵ

<latexit sha1_base64="m5a4MjaN48/tRN/RTbLwaAif9DY="></latexit>

ԅϵ � Ԇφ

<latexit sha1_base64="nnmURD9CoZOefnK9hdrsTeBQUlI="></latexit>

(a) a general illustration 
of the coding scheme 

The previous scheme is
suboptimal because C̃(x) can be
decoded into four matrix
multiplications:

x0 x1 x2 x3

A1B1 A1B2 A2B1 A2B2

However we only need A1B1 and
A2B2.

The tasks A1B2 and A2B1 are
noise coefficients in C̃(x).

To minimize noise coefficients, we
use the figure in (a) to represent
the exponents of all coefficients.

6 / 17



Why is it sub-optimal?

2

1 3

0

2

1 3

0 1

1 2

0

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

(b) a coding scheme based 
on the polynomial code

(c) another feasible 
coding scheme

(d) a feasible coding scheme 
with the optimal degree

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="dX0ofmNW92tUlcPdKYXwwXD1R80="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="eXxlUEjRFD53Z47O2iGAF3zoGtE="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="UH5z8EpnAhIXCKiPMMgQv25+Q2U="></latexit>

Ӷծȯ

<latexit sha1_base64="TXPmY0vkjd9jxqZ27TbZ7hY3IQQ="></latexit>

Ӷծɞ

<latexit sha1_base64="9C/2lyQcn3bgAD/4PzD5RaX5xSs="></latexit>

ӷկɞ

<latexit sha1_base64="npS17jSmG6NsxQzgsZn5ZhSuDgg="></latexit>

ӷկȯ

<latexit sha1_base64="w5s3HRLdojs/EaSQ7k1bBqjrbFU="></latexit>

ԅφ � Ԇφ

<latexit sha1_base64="jEABA0hxGdIRTiT4bEs4cBmmkqE="></latexit>

ԅφ � Ԇϵ

<latexit sha1_base64="8FqQr8VwaoFUZFasy9IfYXwKbC4="></latexit>

ԅϵ � Ԇϵ

<latexit sha1_base64="m5a4MjaN48/tRN/RTbLwaAif9DY="></latexit>

ԅϵ � Ԇφ

<latexit sha1_base64="nnmURD9CoZOefnK9hdrsTeBQUlI="></latexit>

(a) a general illustration 
of the coding scheme 

The sub-optimal solution from
the previous example
corresponds to a degree table
in (b).

7 / 17



Why is it sub-optimal?

2

1 3

0

2

1 3

0 1

1 2

0

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

Ӷφ

<latexit sha1_base64="RAFOjAWqjmg0KPO+SI8ptpHNUjg="></latexit>

Ӷϵ

<latexit sha1_base64="EgeA/ukNQ35U8CL2543OkeklyO0="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

ӷφ

<latexit sha1_base64="99ZfaybaCy6by39LvVpyZj7nrgw="></latexit>

ӷϵ

<latexit sha1_base64="yjoqygUGGyk2K8w8EhmJfTTLdhA="></latexit>

(b) a coding scheme based 
on the polynomial code

(c) another feasible 
coding scheme

(d) a feasible coding scheme 
with the optimal degree

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="dX0ofmNW92tUlcPdKYXwwXD1R80="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="eXxlUEjRFD53Z47O2iGAF3zoGtE="></latexit>

Ԃ � \�
 �^
 ԃ � \�
 �^ԅ � \�
 �^
 Ԇ � \�
 �^

<latexit sha1_base64="UH5z8EpnAhIXCKiPMMgQv25+Q2U="></latexit>

Ӷծȯ

<latexit sha1_base64="TXPmY0vkjd9jxqZ27TbZ7hY3IQQ="></latexit>

Ӷծɞ

<latexit sha1_base64="9C/2lyQcn3bgAD/4PzD5RaX5xSs="></latexit>

ӷկɞ

<latexit sha1_base64="npS17jSmG6NsxQzgsZn5ZhSuDgg="></latexit>

ӷկȯ

<latexit sha1_base64="w5s3HRLdojs/EaSQ7k1bBqjrbFU="></latexit>

ԅφ � Ԇφ

<latexit sha1_base64="jEABA0hxGdIRTiT4bEs4cBmmkqE="></latexit>

ԅφ � Ԇϵ

<latexit sha1_base64="8FqQr8VwaoFUZFasy9IfYXwKbC4="></latexit>

ԅϵ � Ԇϵ

<latexit sha1_base64="m5a4MjaN48/tRN/RTbLwaAif9DY="></latexit>

ԅϵ � Ԇφ

<latexit sha1_base64="nnmURD9CoZOefnK9hdrsTeBQUlI="></latexit>

(a) a general illustration 
of the coding scheme 

The sub-optimal solution from
the previous example
corresponds to a degree table
in (b).

The optimal coding scheme is
shown in (d), corresponding to:

x0 x1 x2

A1B1 A1B2 + A2B1 A2B2
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(a) a general illustration 
of the coding scheme 

Another sub-optimal scheme in
(c):

x0 x1 x2 x3

A1B2 A2B2 A1B1 A1B2

The optimal scheme in (d):

x0 x1 x2

A1B1 A1B2 + A2B1 A2B2
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Algorithm

The algorithm design breaks down into two steps

The 1st step is: “What is the optimal placement
of the highlighted entries in the degree table?”

This is essentially the non-attacking rooks placement that
minimizes the degree.

The 2nd step is: “Given a degree table with high-
lighted entries (i.e., non-attacking rook place-
ment) what is the optimal degree placement?”

Surprisingly it is easier to attack the second problem
first and then find the solution to the first problem.
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Algorithm Design

The placement of the highlighted entries (i.e., rook
placement) corresponds to the sequences (M1, ...,Mn) and
(N1, ...,Nn).

The placement of the degrees in the table corresponds to
the sequences (P1, ...,Pn) and (Q1, ...,Qn).

Ã(x) =
∑n

i=1 AMi x
Pi B̃(x) =

∑n
i=1 BNi x

Qi

C̃(x) = Ã(x)B̃(x) =
∑n

i=1
∑n

j=1 AMi BNj x
Pi+Qj

We aim to minimize the the degree of the polynomial C̃(x),
i.e., maxi,j{Pi + Qj}, but still having AiBi , i = 1, . . . ,n,
decodable.
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Ã(x) =
∑n

i=1 AMi x
Pi B̃(x) =

∑n
i=1 BNi x

Qi
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∑n
i=1 BNi x

Qi

C̃(x) = Ã(x)B̃(x) =
∑n

i=1
∑n

j=1 AMi BNj x
Pi+Qj

We aim to minimize the the degree of the polynomial C̃(x),
i.e., maxi,j{Pi + Qj}, but still having AiBi , i = 1, . . . ,n,
decodable.
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Optimal Placement of the Degrees
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Ӷφ

<latexit sha1_base64="K712ufv+NW2rYf7fiytmdv7ifwo="></latexit>

Ӷϵ

<latexit sha1_base64="Dm+28MRV72OQs6SDK7vDhdls0wM="></latexit>

Ӷϯ

<latexit sha1_base64="RwVVVq2/el4DYqiAvyIHpa16QvA="></latexit>

ӶΚ

<latexit sha1_base64="k+vCq73cFOf/03ji1czAkLkjgyo="></latexit>

ӷΚ

<latexit sha1_base64="auvDe0z5hw2HBBZxDcfel5kLEvs="></latexit>

ӷϯ

<latexit sha1_base64="zTPRcLwv7dS8xm5H4cZ1lYneSd8="></latexit>

ӷϵ

<latexit sha1_base64="SE0PjedUYwJfU7EX6ouHdUPC8ZM="></latexit>

ӷφ

<latexit sha1_base64="9FyQAErZaA+dNK/xEntNanoU6UU="></latexit>
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Ӷφ

<latexit sha1_base64="K712ufv+NW2rYf7fiytmdv7ifwo="></latexit>
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ӷΚ

<latexit sha1_base64="auvDe0z5hw2HBBZxDcfel5kLEvs="></latexit>

ӷϯ

<latexit sha1_base64="zTPRcLwv7dS8xm5H4cZ1lYneSd8="></latexit>

ӷϵ

<latexit sha1_base64="SE0PjedUYwJfU7EX6ouHdUPC8ZM="></latexit>

ӷφ

<latexit sha1_base64="9FyQAErZaA+dNK/xEntNanoU6UU="></latexit>

(a) Placement 1 (b) Placement 2

The idea is to maximize the
overlap of (noise) entries
between two adjacent columns.
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(a) Placement 1 (b) Placement 2

The idea is to maximize the
overlap of (noise) entries
between two adjacent columns.

The degree placements (not
the rooks placement!) is
optimal for the two examples to
the right.
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(a) Placement 1 (b) Placement 2

The idea is to maximize the
overlap of (noise) entries
between two adjacent columns.

The degree placements (not
the rooks placement!) is
optimal for the two examples to
the right.

By the definition of polynomial
multiplication, the numbers are
forced to increase up in each
column.
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Optimal Placement of the Degrees
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(a) Placement 1 (b) Placement 2

Placement 2 is optimal
because the two overlaps
(1, 2, 3) and (7, 8) are maximal.
Furthermore the middle two
columns are incapable of
having overlap
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(a) Placement 1 (b) Placement 2

Placement 2 is optimal
because the two overlaps
(1, 2, 3) and (7, 8) are maximal.
Furthermore the middle two
columns are incapable of
having overlap

Similarly, Placement 1 is
optimal because the two
overlaps (7) and (9,10) are
maximal. Furthermore the first
two columns are incapable of
having overlap
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Algorithm for the First Step

… …

…
…

…

…Ӷφ

<latexit sha1_base64="6cAeUCMHDNizTSPpAJyD8IPVgqU="></latexit>

ӶկՎ਷ȯ

<latexit sha1_base64="YzsT4BRuNXaalmUMJ2Jbne1Mh+A="></latexit>

ӶկՎ

<latexit sha1_base64="68djYJ5zbNejgqYgz+j3KmPDFXc="></latexit>

ӶկՏ਷ȯ

<latexit sha1_base64="Grf1TCzIdwyxVEIK3RmeRa4KNyA="></latexit>

ӶկՏ

<latexit sha1_base64="hJlG+GCvQEnPJQcdry1/J+kS26g="></latexit>

Ӷ։

<latexit sha1_base64="P+VzZIK3FGWQw68OQuELTDdv96I="></latexit>

ӷկՎ਷ȯ

<latexit sha1_base64="4qQeUa/it92/0qusawO0Cjuaw5g="></latexit>

ӷկՏ਷ȯ

<latexit sha1_base64="3O+LnaLmUZXYgtiRts9ikUP6EW0="></latexit>

� Ԇք਷φ � ԝ ਷ �

<latexit sha1_base64="G9PV/GVO3Jngqi5vR/a7o/KoRAE="></latexit>

�Ԇք �ԃք ਷�

<latexit sha1_base64="USLqyTi2uxCNS5CN3sB6guyaTSw="></latexit>

Ԇք

<latexit sha1_base64="6pnbeVFY6wmByPUKEdaH14lBGFM="></latexit>

Ԇք

<latexit sha1_base64="6pnbeVFY6wmByPUKEdaH14lBGFM="></latexit>

Ԇք਷φ

<latexit sha1_base64="du5f9xfuB6nAmWj0J541vEDWhpA="></latexit>

Ԇօ

<latexit sha1_base64="OKzqv16tvZyavTvN6fN732zOay0="></latexit>

Ԇօ

<latexit sha1_base64="OKzqv16tvZyavTvN6fN732zOay0="></latexit>

Ԇօ਷φ

<latexit sha1_base64="jwE/1RSHynRMWFdpeB2/uvAqJYo="></latexit>

� Ԇօ਷φ � ԃօ਷φ ਷ �

<latexit sha1_base64="OzXrmJoamlIi8ITyMv16mRStUmA="></latexit>

ӷկՎ

<latexit sha1_base64="XoxV1E/Qp3uZ7c6wsfmM6hlLDB0="></latexit>

ӷկՏ

<latexit sha1_base64="CwyvHsP3emFic1cTPMeHg8EABuo="></latexit>

All degree placements must satisfy:

Qi ≥ Qi−1 +max{Ni−1,n − Ni + 1}

Our algorithm is optimal with respect to this constraint
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Optimal Rook Placement
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<latexit sha1_base64="JTW3wpLpfmQ0Apj8i2wQab9WPAA="></latexit>

Ӷϵ

<latexit sha1_base64="W7QNDHj437AGKl4ePOH59NfHtnk="></latexit>

Ӷϵ

<latexit sha1_base64="W7QNDHj437AGKl4ePOH59NfHtnk="></latexit>

Ӷϵ

<latexit sha1_base64="W7QNDHj437AGKl4ePOH59NfHtnk="></latexit>

Ӷϯ

<latexit sha1_base64="M6SFfJ/4kyC0FO74BfO/70lLOwM="></latexit>

Ӷϯ

<latexit sha1_base64="M6SFfJ/4kyC0FO74BfO/70lLOwM="></latexit>

ӶΚ

<latexit sha1_base64="5bPq7V+ct3pBTeH6l7qnImRFqVY="></latexit>

ӷφ

<latexit sha1_base64="lNMo8Mm96N6KQidNC0MgWed3cEc="></latexit>

ӷφ

<latexit sha1_base64="lNMo8Mm96N6KQidNC0MgWed3cEc="></latexit>

ӷφ

<latexit sha1_base64="lNMo8Mm96N6KQidNC0MgWed3cEc="></latexit>

ӷφ

<latexit sha1_base64="lNMo8Mm96N6KQidNC0MgWed3cEc="></latexit>

ӷϵ

<latexit sha1_base64="kQCTI+pbbF0DJcihL0S5QERHNPo="></latexit>

ӷϵ

<latexit sha1_base64="kQCTI+pbbF0DJcihL0S5QERHNPo="></latexit>

ӷϵ

<latexit sha1_base64="kQCTI+pbbF0DJcihL0S5QERHNPo="></latexit>

ӷϯ

<latexit sha1_base64="0QjXrRraEwRvrEpZd1WdOfnf20I="></latexit>

ӷϯ

<latexit sha1_base64="0QjXrRraEwRvrEpZd1WdOfnf20I="></latexit>

ӷΚ

<latexit sha1_base64="mcd2Rw8yV862V97l//TedRE4PXY="></latexit>

The optimal rook placements
are constructed recursively.
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ӷΚ

<latexit sha1_base64="mcd2Rw8yV862V97l//TedRE4PXY="></latexit>

The optimal rook placements
are constructed recursively.

The base case(s) are shown in
the (a) and (b).
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ӷϯ

<latexit sha1_base64="0QjXrRraEwRvrEpZd1WdOfnf20I="></latexit>

ӷΚ

<latexit sha1_base64="mcd2Rw8yV862V97l//TedRE4PXY="></latexit>

The optimal rook placements
are constructed recursively.

The base case(s) are shown in
the (a) and (b).

The rook placement for n = 3
is constructed from the
placement for n = 1.
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Ӷφ

<latexit sha1_base64="JTW3wpLpfmQ0Apj8i2wQab9WPAA="></latexit>

Ӷφ

<latexit sha1_base64="JTW3wpLpfmQ0Apj8i2wQab9WPAA="></latexit>

Ӷφ

<latexit sha1_base64="JTW3wpLpfmQ0Apj8i2wQab9WPAA="></latexit>

Ӷφ

<latexit sha1_base64="JTW3wpLpfmQ0Apj8i2wQab9WPAA="></latexit>

Ӷϵ

<latexit sha1_base64="W7QNDHj437AGKl4ePOH59NfHtnk="></latexit>

Ӷϵ

<latexit sha1_base64="W7QNDHj437AGKl4ePOH59NfHtnk="></latexit>

Ӷϵ

<latexit sha1_base64="W7QNDHj437AGKl4ePOH59NfHtnk="></latexit>

Ӷϯ

<latexit sha1_base64="M6SFfJ/4kyC0FO74BfO/70lLOwM="></latexit>

Ӷϯ

<latexit sha1_base64="M6SFfJ/4kyC0FO74BfO/70lLOwM="></latexit>

ӶΚ

<latexit sha1_base64="5bPq7V+ct3pBTeH6l7qnImRFqVY="></latexit>

ӷφ

<latexit sha1_base64="lNMo8Mm96N6KQidNC0MgWed3cEc="></latexit>

ӷφ

<latexit sha1_base64="lNMo8Mm96N6KQidNC0MgWed3cEc="></latexit>

ӷφ

<latexit sha1_base64="lNMo8Mm96N6KQidNC0MgWed3cEc="></latexit>

ӷφ

<latexit sha1_base64="lNMo8Mm96N6KQidNC0MgWed3cEc="></latexit>

ӷϵ

<latexit sha1_base64="kQCTI+pbbF0DJcihL0S5QERHNPo="></latexit>

ӷϵ

<latexit sha1_base64="kQCTI+pbbF0DJcihL0S5QERHNPo="></latexit>

ӷϵ

<latexit sha1_base64="kQCTI+pbbF0DJcihL0S5QERHNPo="></latexit>

ӷϯ

<latexit sha1_base64="0QjXrRraEwRvrEpZd1WdOfnf20I="></latexit>

ӷϯ

<latexit sha1_base64="0QjXrRraEwRvrEpZd1WdOfnf20I="></latexit>

ӷΚ

<latexit sha1_base64="mcd2Rw8yV862V97l//TedRE4PXY="></latexit>

The optimal rook placements
are constructed recursively.

The base case(s) are shown in
the (a) and (b).

The rook placement for n = 3
is constructed from the
placement for n = 1.

Likewise the placement for
n = 4 is constructed from the
placement for n = 2.
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…

…
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ԝ ੎ ԝ

<latexit sha1_base64="G5Ep8bjNUoHUzHtWBHQhtboS504="></latexit>

Ӷ։�ϵ

<latexit sha1_base64="Tyq2xkjIgAaCjpD7MnhPlw2ajnw="></latexit>

Ӷ։�φ

<latexit sha1_base64="+3Armh5K8wt5DIniyyzF610+dR8="></latexit>

Ӷφ

<latexit sha1_base64="MD8MZs+5sT8FYDnKrbFcAgJKMBc=">AAADzXiclVJLb9NAEN7GPEp4tXDksiJC4tBEMUTApVKhlx54BNS0kRIrWq/H9qrrtdmdLVgmXDlyhb/Bv+HfsHZ9IEk5MNJKM/PNa2e+sJDC4HD4e6vjXbl67fr2je7NW7fv3N3ZvXdicqs5THgucz0NmQEpFExQoIRpoYFloYTT8Oywxk/PQRuRq2MsCwgyligRC87QuSYvF5W/XOz0hoNhI3RT8VulR1oZL3Y7v+ZRzm0GCr lkxsz8YYF7VDIVGc5cl4ppFFzCsju3BgrGz1gCM/a0cKAOqgTyDFCXq7BTFcvABFXzryV95DwRjXPtnkLaeP/OqFhmTJmFLjJjmJp1rHZehs0sxi+CSqjCIih+0Si2kmJO6yXRSGjgKEunMK6F+wrlKdOMo1tld/4BPloXMW6rOQMwqOoZTQF8uRFQD9A3WErYP4ZpUFkleB5Bv5mv250r+FQnxywTspyHeVTW5iyojkCeg+vO6FuwQF+LJMXlejymQv1PfAosEiq5POUwVxGoeu2vchnVw0UQMyuxKQAMrQZTvWFF4UrsI3zuu1f3MIAZawdZh/doQ8TaxuaI/5p05YA1+10Vs0KSlhqrl5ZJYcA6RrqlrkG6jEwqlSvtWO6vc3pTOXky8EeD0ftR7+BZy/dt8oA8JI+JT56TA3JExmRCOBHkO/lBfnrvPOt98b5ehHa22pz7ZEW8b38AaHpIMw==</latexit>

Ӷϵ

<latexit sha1_base64="iQGYrM03iEeqUInlrhv3pNqi1VU=">AAADzXiclVJLbxMxEHa7PEp4tXDkYhEhcWiipI2AS6VCLz3wCKhpIyWryOudzVr12os9LqyWcOXIFf4G/4Z/g3e7B5KUAyNZmplvXp75olwKi73e743N4Nr1Gze3brVu37l77/72zoNTq53hMOJaajOOmAUpFIxQoIRxboBlkYSz6Pyows8uwFih1QkWOYQZmyuRCM7Qu0YvZ+XeYrbd7nV7tdB1pd8obdLIcLaz+Wsaa+4yUM gls3bS7+W4SyVTseXMdymZQcElLFpTZyFn/JzNYcL2cw+asJyDzgBNsQx7VbEMbFjW/1rQJ94T00Qb/xTS2vt3Rskya4ss8pEZw9SuYpXzKmziMHkRlkLlDkHxy0aJkxQ1rZZEY2GAoyy8wrgR/iuUp8wwjn6VrekH+Oh8xLCp5g3AsKxmtDnwxVpANUDHYiHh4ATGYemU4DqGTj1fqzVV8KlKTlgmZDGNdFxU5iQsj0FegO/O6FtwQF+LeYqL1XhMhfqf+BRYLNT86pQjrWJQ1dpfaRlXw8WQMCexLgAMnQFbvmF57kscIHzu+Ff1sIAZawZZhXdpTcTKxvqI/5p06YAV+30Vu0SShhrLl5bz3ILzjPRLXYFMEdtUKl/as7y/yul15XSv2x90B+8H7cNnDd+3yCPymDwlffKcHJJjMiQjwokg38kP8jN4F7jgS/D1MnRzo8l5SJYk+PYHa+BINA==</latexit>

ӷկȯ

<latexit sha1_base64="OM+8AY4smccGyt1aP/w+QACvG1U="></latexit>

ӷկՓ

<latexit sha1_base64="7RLZNC28AZ6oedZEz4bPqbHm3L0="></latexit>

ӷφ

<latexit sha1_base64="zh8HQt/i938aXv2c53vZDGjhzSs="></latexit>

ӷ։�ϵ

<latexit sha1_base64="F+SU8JQp5B5QyHtQ7nVxXbs9q8k="></latexit>

Using the placements for n × n we
can make a placement for
(n + 2)× (n + 2)
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Ӷϵ

<latexit sha1_base64="iQGYrM03iEeqUInlrhv3pNqi1VU=">AAADzXiclVJLbxMxEHa7PEp4tXDkYhEhcWiipI2AS6VCLz3wCKhpIyWryOudzVr12os9LqyWcOXIFf4G/4Z/g3e7B5KUAyNZmplvXp75olwKi73e743N4Nr1Gze3brVu37l77/72zoNTq53hMOJaajOOmAUpFIxQoIRxboBlkYSz6Pyows8uwFih1QkWOYQZmyuRCM7Qu0YvZ+XeYrbd7nV7tdB1pd8obdLIcLaz+Wsaa+4yUM gls3bS7+W4SyVTseXMdymZQcElLFpTZyFn/JzNYcL2cw+asJyDzgBNsQx7VbEMbFjW/1rQJ94T00Qb/xTS2vt3Rskya4ss8pEZw9SuYpXzKmziMHkRlkLlDkHxy0aJkxQ1rZZEY2GAoyy8wrgR/iuUp8wwjn6VrekH+Oh8xLCp5g3AsKxmtDnwxVpANUDHYiHh4ATGYemU4DqGTj1fqzVV8KlKTlgmZDGNdFxU5iQsj0FegO/O6FtwQF+LeYqL1XhMhfqf+BRYLNT86pQjrWJQ1dpfaRlXw8WQMCexLgAMnQFbvmF57kscIHzu+Ff1sIAZawZZhXdpTcTKxvqI/5p06YAV+30Vu0SShhrLl5bz3ILzjPRLXYFMEdtUKl/as7y/yul15XSv2x90B+8H7cNnDd+3yCPymDwlffKcHJJjMiQjwokg38kP8jN4F7jgS/D1MnRzo8l5SJYk+PYHa+BINA==</latexit>

ӷկȯ

<latexit sha1_base64="OM+8AY4smccGyt1aP/w+QACvG1U="></latexit>

ӷկՓ

<latexit sha1_base64="7RLZNC28AZ6oedZEz4bPqbHm3L0="></latexit>

ӷφ

<latexit sha1_base64="zh8HQt/i938aXv2c53vZDGjhzSs="></latexit>

ӷ։�ϵ

<latexit sha1_base64="F+SU8JQp5B5QyHtQ7nVxXbs9q8k="></latexit>

Using the placements for n × n we
can make a placement for
(n + 2)× (n + 2)

The proof of optimality is given by
considering any other placement and
considering the highest and lowest”
column entries
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Ӷ։�ϵ

<latexit sha1_base64="Tyq2xkjIgAaCjpD7MnhPlw2ajnw="></latexit>

Ӷ։�φ

<latexit sha1_base64="+3Armh5K8wt5DIniyyzF610+dR8="></latexit>
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Ӷϵ

<latexit sha1_base64="iQGYrM03iEeqUInlrhv3pNqi1VU=">AAADzXiclVJLbxMxEHa7PEp4tXDkYhEhcWiipI2AS6VCLz3wCKhpIyWryOudzVr12os9LqyWcOXIFf4G/4Z/g3e7B5KUAyNZmplvXp75olwKi73e743N4Nr1Gze3brVu37l77/72zoNTq53hMOJaajOOmAUpFIxQoIRxboBlkYSz6Pyows8uwFih1QkWOYQZmyuRCM7Qu0YvZ+XeYrbd7nV7tdB1pd8obdLIcLaz+Wsaa+4yUM gls3bS7+W4SyVTseXMdymZQcElLFpTZyFn/JzNYcL2cw+asJyDzgBNsQx7VbEMbFjW/1rQJ94T00Qb/xTS2vt3Rskya4ss8pEZw9SuYpXzKmziMHkRlkLlDkHxy0aJkxQ1rZZEY2GAoyy8wrgR/iuUp8wwjn6VrekH+Oh8xLCp5g3AsKxmtDnwxVpANUDHYiHh4ATGYemU4DqGTj1fqzVV8KlKTlgmZDGNdFxU5iQsj0FegO/O6FtwQF+LeYqL1XhMhfqf+BRYLNT86pQjrWJQ1dpfaRlXw8WQMCexLgAMnQFbvmF57kscIHzu+Ff1sIAZawZZhXdpTcTKxvqI/5p06YAV+30Vu0SShhrLl5bz3ILzjPRLXYFMEdtUKl/as7y/yul15XSv2x90B+8H7cNnDd+3yCPymDwlffKcHJJjMiQjwokg38kP8jN4F7jgS/D1MnRzo8l5SJYk+PYHa+BINA==</latexit>

ӷկȯ

<latexit sha1_base64="OM+8AY4smccGyt1aP/w+QACvG1U="></latexit>

ӷկՓ

<latexit sha1_base64="7RLZNC28AZ6oedZEz4bPqbHm3L0="></latexit>

ӷφ

<latexit sha1_base64="zh8HQt/i938aXv2c53vZDGjhzSs="></latexit>

ӷ։�ϵ

<latexit sha1_base64="F+SU8JQp5B5QyHtQ7nVxXbs9q8k="></latexit>

Using the placements for n × n we
can make a placement for
(n + 2)× (n + 2)

The proof of optimality is given by
considering any other placement and
considering the highest and lowest”
column entries

We remove the corresponding rows
and columns and analyze the
amount of overlap in the submatrix
left-over
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ӷկȯ

<latexit sha1_base64="OM+8AY4smccGyt1aP/w+QACvG1U="></latexit>

ӷկՓ

<latexit sha1_base64="7RLZNC28AZ6oedZEz4bPqbHm3L0="></latexit>

ӷφ

<latexit sha1_base64="zh8HQt/i938aXv2c53vZDGjhzSs="></latexit>

ӷ։�ϵ

<latexit sha1_base64="F+SU8JQp5B5QyHtQ7nVxXbs9q8k="></latexit>

Using the placements for n × n we
can make a placement for
(n + 2)× (n + 2)

The proof of optimality is given by
considering any other placement and
considering the highest and lowest”
column entries

We remove the corresponding rows
and columns and analyze the
amount of overlap in the submatrix
left-over

We also factor in the difference of
overlap given by a suboptimal
“highest” and “lowest” rook
placement
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Our coding scheme has a
recovery threshold of:

R =
⌊
(n+1)2−4

2

⌋
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R =
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Polynomial codes have a
recovery threshold of:

Rep = n2
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Comparison

Assume that the size of Ai is x × y and the size of Bi is y × z,
i = 1, . . . ,n.

encoding
complexity

task
complexity

recovery
threshold

this paper O(n(xy + yz)) O(xyz) O(n2)

Lagragian [1,2] O(n log2 n log log n(xy + yz)) O(xyz) O(n)

[1] Q. Yu, et al., “Lagrange Coded Computing: Optimal Design for Resiliency, Security, and Privacy,” in Workshop on
Systems for ML and Open Source Software at NeurIPS 2018.

[2] Z. Jia, et al., “Cross Subspace Alignment Codes for Coded Distributed Batch Computation,” arXiv:1909.13873.

Our coding scheme achieves the optimal encoding complexity
among all polynomial-based coding schemes, with a higher recov-
ery threshold.
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Conclusions

We propose a coding framework that can create coded
tasks for concurrent matrix multiplications based on
polynomial coding.
Our coding scheme achieves the optimal encoding
complexity among all polynomial-based coding
schemes.
We also minimize the degree of the polynomial to
minimize the number of tasks required for decoding.
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